Abstract. We present a new microscopic model of growth and sublimation (g/s) of ice crystals in the atmosphere. This model is based on the assumption that the flux of vapor to the crystal surface is uniform over each flat crystal face. It thus differs fundamentally from the standard "capacitance" model for crystal growth, in which the mixing ratio is assumed uniform at the surface. In the new model the surface influence on growth is calculated self-consistently in terms of local environmental conditions, again differing sharply from the standard models in which this influence is either ignored or assigned a uniform, externally prescribed value. The new model leads to predictions of the evolution of ice crystal shape as well as mass. We find that predicted g/s rates are generally smaller than those predicted by the earlier models. The general trends both in g/s rates and in crystal hollowing predicted by the model are consistent with field and laboratory observations. The values of certain surface parameters needed for application of our model must be found from experiment. We review and compare the relevant laboratory experiments on ice crystal g/s rates and show their lack of mutual consistency. Therefore the surface parameters inferred from these experiments are necessarily uncertain. We show that the surface parameter values can be inferred from observations of crystal hollowing, since our model allows the prediction of environmental conditions at which hollowing should occur.
tal shape evolution. Section 6 contains a discussion of the new model and its predictions for both g/s rates and crystal hollowing in the light of atmospheric and laboratory observations. Further applications of this model to ice crystal g/s in the real atmosphere are discussed in section 7. Appendix A contains a list of symbols used in the equations to follow.
Basis for the new model.
There have been 2 different approaches to the problem of calculating ice crystal growth rates. The most common approach is based on 2 assumptions: (1) the water vapor mixing ratio at the surface is uniform and in equilibrium with the ice, q• = qcq (T•) [ (kg H20 ) / (kg air) ],
and (2) the crystal shape is approximated as an ellipsoid of revolution.
The first assumption makes the vapor growth problem analogous to the problem of computation of the electrostatic potential surrounding a capacitor with the shape of the crystal, so this model for •s is called the "capacitance" model. Equation (1) cannot hold exactly for a growing or sublimating crystal since the mass uptake of the crystal depends only on the vapor mixing ratio at the surface, and the surface vapor mixing ratio is exactly in equilibrium with the surface only when the crystal is in equilibrium. A more basic difficulty is the fact that the vapor flux to the surface calculated from equation (1) A newer approach to the study of g/s rates [Kuroda, 1984; Mackenzie and Haynes, 1992 ] uses a physically realistic boundary condition at the surface, but approximates the ice crystal as a sphere. A new model is needed that is based on a physically realistic boundary condition and incorporates realistic crystal shapes.
Surface transport processes control the rate of deposition and sublimation of molecules at the ice/vapor interface. We define a function, o•, that varies over the crystal surface and is equal to the fraction of molecules incident on the surface that become incorporated into the crystal at each point. Since o• is always less than 1, growth is impeded by the pro- 
G/S Rates of Spherical Crystals
In the absence of airflow the mixing ratio q and temperature T adjacent to the crystal satisfy the steady state Laplace's equations; V: q = 0, The flux of heat to the surface is due to the exchange of energy from air molecules colliding with the surface. Since an air molecule is heavier than a water molecule, the energy transfer incident from an air molecule to the surface is expected to be very efficient [Goodman, 1980] . Therefore the air molecules should acquire a velocity distribution characteristic of the surface temperature. The thermal accommodation coefficient, which is a measure of the efficiency of this energy transfer, should be close to 1 and the resulting heat flux is very nearly given by
where •c is the thermal conductivity in the environment.
g
The solution of equation (4) subject to the appropriate boundary conditions is analogous to that (equation (5)) for the vapor mixing ratio. In general, the crystal absorbs and emits radiation from its environment. However, our calculations suggest that for realistic atmospheric temperature profiles the effect of radiative exchange on crystal g/s rates is generally small unless the crystal dimensions are greater than approximately 50 gm and the humidity is within approximately 5% of equilibrium. This situation may not be uncommon, but for simplicity we ignore the radiative effects in this paper. Their addition represents a straightforward modification to the results we will present here and simply translates the effective supersaturation experienced by a particle, raising it during radiative cooling and lowering it during heating. The thermal impedance (a'th) is also proportional to the crystal radius. Thee ratio of the thermal impedance to the vapor impedance is roughly 1.3 at 0øC, but drops rapidly to <0.1 for T <-40øC. Its rapid decrease with temperature is due to the rapid decrease of qoo ( = qeq(Too)) with Too.
Therefore in most ice phase clouds the thermal impedance can be neglected. We now examine the surface impedance. 
Nonspherical Crystals
In this section we derive the g/s rates of crystals of the simplest shapes with flat faces starting with the infinitely thin disk that receives flux only over its top and bottom faces. In section 4.2 we use the formalism derived for this case to discuss the somewhat more realistic case of circular cylindrical crystals of finite height. Circular cylinders have 2 types of face, each with its own intrinsic surface processes. The evolution of crystal shape in then discussed in section 5.
Vapor Diffusion to a Thin Disk
Using the notation of the previous chapter, we solve Laplace's equation for the mixing ratio outside the disk subject to the boundary condition that the flux is uniform on the top and on the bottom of the disk. It is convenient to define nondimensional variables which we denote by primes, Zr, r q-qo. 
where h is defined in Seeger [1953] . It represents the solution for unit flux.
The nonspherical geometry introduces a fundamentally new issue into the problem of crystal growth. That is; all points on the surface are no longer equivalent, so that since the normal gradient of q is uniform, qs will not generally be uniform. We must now add a physical assumption about the variations of at and o on the surface to be able to proceed. Our assumption is •hat at is determined everywhere by its value at the ledge source positions. (These can be at dislocations, at other kinds of defects, or at crystal edges, and the ledges may be regularly spaced steps or the edges of 2-D nuclei.) It is here that at is controlled by the local mixing ratio (via equation (14)). As ledges collect surface admolecules and move away from their source, the local supersaturation to which they are subject will change. In regions of lower (higher) supersaturation the ledge spacing will be smaller (larger), and therefore 1/at, which is a measure of the difficulty of surface transport to ledges, will be smaller (larger); that is, at will be larger (smaller). In contrast to the spherical crystal case, F v does not approach the capacitance model limit when ata'to t •> oo, although •s--> 0 in this limit. This is because equation (20) is derived for the case that the flux remains uniform across the disk. Physically, the zero surface impedance, uniform growth limit cannot be attained; surface kinetic processes are required to keep the flux uniform on each face.
Using the notation and procedure introduced for the limiting case of an infinitely thin disk, we next derive the g/s rate for a finite cylinder.
Growth Rate of a Finite Cylinder
For most atmospheric conditions a solid ice crystal is bounded by 2 types of faces: basal and prism. This shape is similar to that of a circular cylinder. We assume the crystals are circular cylinders in this development for analytic simplicity, although our general discussion also applies to hexagonal columns. (See Figure 4 .)
The present treatment now closely follows that in the previous section. We assume now that the flux is determined by its value at the ledge sources. We must therefore know where the ledge sources are on both the 'a' face and the 'c' face. At low supersaturations the ledges can only originate' at bulk dislocations or faults, and these could be anywhere on a face (if present at all). When the supersaturation (o**) becomes large enough to nucleate ledges on the surface, the expected positions for ledge sources are the regions of highest supersaturation. For simplicity we will assume that the region of ledge nucleation is at the edges (Figure 5 ), although this probably is not the case for crystals with very anisotropic growth rates [Nelson, 1994 ; also see Figure 9 ]. Knowledge of the ledge source positions allows us to find the g/s rates of each face and the total rate of mass uptake if the surface impedance (1/at) is known on each face. We summarize the calculations below for the case that the ledge sources are at the crystal edges and our results are given in equations (25) 
: .
As was the case for a spherical crystal (equation (15) We first compare the mass uptake rate predicted from equation (27) The results of this comparison are shown in Figure 6 . As was the case for spherical crystals (see equation (12)), when the surface impedance is much smaller than the volume impedance, the mixing ratio adjacent to the surface is very close to equilibrium (although it remains nonuniform), so the mass uptake in the finite cylinder and ellipsoid capacitance models are in close agreement in this limit. Since a finite cylinder has a larger surface area than an ellipsoid for a given value of c and a, the finite cylinder uniform flux mass uptake can exceed that from the ellipsoidal capacitance model for small surface impedances. However, the capacitance model significantly overestimates the mass uptake when the surface impedance is significantly larger than the vapor impedance. 
Crystal Shape

Crystal Habit in Uniform Growth
For ledge sources at the edge, equation (25) 
Predicted Limits on Uniform Growth
In this section we show that the requirements of uniform growth (i.e., growth maintaining flat faces) constrain the ratio of surface impedance to volume impedances. This constraint is independent of the model used for the surface impedance. We present arguments suggesting that hollowing in crystals (also known as lacunary growth and hopper development), often observed in the atmosphere, occurs when these constraints are not met. The growth of hollow crystals is discussed in Appendix C. .. 4-........ 4-........ i-................................. + ..... * ................................................ • ......   '-' ................. * ........ * ....... -• ............... t ............ -I ..... * ..... : ................................................. ' ......   rlz..-_ ...... , .......... ......... ? ........ , ....... ....... ...... ...... , ...... , ..... , ........................................ , . To understand how hollowing occurs, one must first understand'how uniform (flat faced) growth occurs. On the faster growing faces the surface supersaturation is greatest at the edge (see Figure 9) . Therefore there are more vapor molecules striking the surface near the edge than near the face center, and if the surface ledges were equally spaced across the face then growth would be faster near the edge than near the center, resulting in a hollow crystal. This "destabilizing" effect is due to vapor diffusion and generally increases with the vapor impedance. However, the ledges are not evenly spaced across the face. The edge region, as a result of its having a larger supersaturation, is the preferred nucleation site. A ledge once nucleated there travels inward toward the face center. After traveling a certain distance (which is smaller for a larger supersaturation), a new ledge is nucleated. This process of producing equally spaced ledges near the edge results in a train of ledges traveling in toward the center of the face where the supersaturation is lower [Frank, 1982] . Since the ledge velocity is proportional to the local supersaturation, the ledges slow down as they approach the center. Like cars approaching a stop light, the ledges become closer together near the center and therefore collect a larger fraction of the incident vapor molecules. (See Figure 3 .) The closing up of the ledges compensates for the decreasing local supersaturation and "stabilizes" uniform growth. The extent to which the surface ledges can stabilize uniform growth depends on the surface impedance. A large surface impedance means that the ledges are far apart at the edge and hence the ledges near the center need not be close together. In this case, growth is uniform across the face. From equation (24) Figure 10 . At a given ambient supersaturation the difference in surface supersaturation between face center and edge increases with crystal size (and thus with vapor impedance), so that a larger ledge spacing at the edge (larger surface impedance) is needed for uniform growth on larger crystals. Therefore the uniform growth constraint sets a lower limit on the ratio of surface impedance to vapor impedance. From Figure 9 this relation is expected to depend on the relative rates of growth on the basal and prism faces. This is shown in Figures 11 on the 'a' face. Since the surface and vapor impedances are the same on both faces in this case (eqs. (25) and (29)), the basal face should hollow during growth before the prism face for isometric (F = 1 ) crystals. This is due to the fact that the centers of the basal faces are more "surrounded" by regions of uniform vapor sink than the centers of the prism faces, so that the local mixing ratio in the center of the basal faces is reduced to a greater extent, thus requiring a greater surface impedance for uniform growth. This result is in agreement with data from Takahashi 
Discussion
The goal of this work was to derive a physically consistent but computationally useful formalism for the study of the evolution of three-dimensional ice crystals in air. In our new formalism we assume that one growth or sublimation mechanism is active over the entire crystal surface. The vapor and heat transport to and from the surface then act in series with this surface growth mechanism. The vapor mixing ratio (and thus the surface supersaturation) varies over the surface. We have assumed that ledges are generated at some point on each face, either because there are defects or dislocations or other nucleation sites there. The ledges (which contain the most likely growth sites) then spread out over the face. The rate of production of ledges at the generation point thus controls the spacing of ledges all over the face. We assume that as the ledges spread from their point of origin to points of different local supersaturation, their spreading velocity changes, and their spacing thus changes also (so that the density of growth sites changes) in such a way as to maintain a uniform rate of growth over the face.
The relationship between o• and •s is determined at the ledge source by the mechanism producing the ledges. (See, for example, eq (14).) This constraint enables us to calculate the flux at the ledge generation point on each face and thus to know the flux everywhere on the face. We assume that this description can apply to sublimation as well as to growth, but the ledge generation mechanisms and positions may be different in the two cases.
The formalism we have derived allows us to compute g/s rates and the conditions for uniform growth of finite cylindrical crystals in terms of surface parameters that must ultimately be derived from experiment.
Laboratory Observations of Ice Crystal G/S Rates
We have presented theoretical arguments showing that surface processes limit g/s rates and growth character of crystals under certain environmental conditions. Direct verification for this contention is very difficult to acquire from experimental results published in the literature, but we now examine data from laboratory and field experiments that indirectly support this conclusion. We show there are wide variations in g/s behavior from the various laboratory experiments (and we know of none performed in conditions applicable to cirrus) but that in all the experiments there is evidence that the surface impedance plays a very important role in determining the evolution of the crystals. 6.1.1. G/S rates in air. There have been three types of laboratory measurements of g/s rates in air; those in which the crystals are situated on a substrate, those in which they are suspended from/on a fiber, and those in which they are in free-fall. We now discuss each type briefly in turn. (6), (11) growth rate was significantly lower than the capacitance model estimates, even at water saturation. However, in this type of experiment, shielding probably reduced the growth rates since there were many crystals along the fiber. Colbeck [1983] investigated the growth of large ice crystals on a hair at low supersaturations. The growth rate was less than that predicted from the capacitance model, especially at lower supersaturations and lower temperatures.' At a given temperature the growth rate was closer to the capacitance prediction when the supersaturation was higher, as we predict.
Takahashi et al. [1991] found that the growth rates of freely falling crystals at water saturation were within a lhctor of 2 of the rates predicted by the ellipsoidal capacitance model, i.e., significantly higher than those of the substrategrown ice crystals for the same conditions. Theoretically, as pointed out earlier, we expect that the capacitance model should be a better approximation as the supersaturation increases. 6.1.2. G/S rates in pure water vapor. There have been several experiments on the growth rate of ice in a pure vapor environment [Lamb and Scott, 1972; Beckmann and Lacmann, 1982; Sei and Gonda, 1989] . In all of these studies, large (~100 !.tm) crystals were grown on a substrate, and therefore heat conduction effects reduced the growth rates considerably [Nelson, 1993] [Heymsfield and Platt, 1984; Miloshevich and Heymsfield, 1992] . When both solid and hollow columns are observed in cirrus, the conditions may be such that the crystals are growing near the border between uniform and nonuniform growth and therefore the surface impedance is roughly equal to the magnitude of the vapor impedance. Note, however, that it is also possible that the hollowing occurred during the early phase of cloud formation when the supersaturation was higher due to either the existence of supercooled drops or to a lower crystal concentration. Also, it is difficult to distinguish between hollow crystals and crystals with completely enclosed voids when the crystals are small. Koike [1982, 1983] observed ice crystals beginning to hollow at small sizes, but at larger sizes, the growth became uniform again. For these crystals the growth rates were much less than those predicted on the basis of the capacitance model, suggesting that the surface impedance was twice to 9 times the magnitude of the vapor impedance. The resulting crystals had flat faces but voids in their interior. We have made similar observations in our laboratory. These features are not uncommon in ice crystals grown in the atmosphere. In the last two sections we have examined three types of observations of ice crystals in order to estimate the magnitude of the surface impedance during ice crystal growth and sublimation. Most are consistent with the hypothesis that surface impedance is comparable to vapor impedance under the conditions examined except at high supersaturations and large crystal sizes. Although large experimental uncertainties presently prevent a truly quantitative formulation of vapor g/s rates of small ice crystals, the formalism we have presented here presents the theoretical basis for examination of the evolution of three-dimensional crystals i.n air.
Applications
Our new model is quite general. For its application we depend on knowledge of the relationship between surface impedance and local supersaturation. The form of this relationship can be derived from a model of the surface (for example, see equation (14)), but any such relationship contains parameters that must ultimately be derived from experiment. We have shown that surface processes play important roles in limiting the g/s rates and aspect ratios of atmospheric ice crystals under conditions expected in and near fully glaciated clouds. Crystals in this part of the atmosphere play important roles in radiative and chemical processes, and these roles are determined largely by the shape and sizes of the crystals as well as the surface structure. . Thus further theoretical and experimental explo-ration of crystal evolution under these conditions is needed for further progress on these important topics and directed field studies would aid in investigating the applicability of both the capacitance and the uniform flux models to the atmosphere. Laboratory experiments in progress lend support to the uniform flux model presented here and our results will be described in future publications.
